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Abstract 



We present a teleparallel complex gravity as the foundation for the formulation 
of noncommutative gravity theory. The negative energy ghosts in the conventional 
formulation with U(l, 3) local Lorentz connection no longer exists, since the local 
Lorentz invariance is broken down to U(l, 3) global Lorentz symmetry. As desired, 
our teleparallel complex gravity theory also passes the key classical test of perihelion 
advance of Mercury. Based on this result, we present a lagrangian for the noncom- 
mutative teleparallel gravity theory. 
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1. Introduction 

The recent developments of open strings or D-branes lead to the consideration of con- 
stant background antisymmetric field B^ u , which in turn implies that the coordinates of 
space-time should be noncommutative [1]. It has been well-known that the noncommuta- 
tive generalization [1] of gravity theory necessarily needs a complex metric [2], because the 
introduction of the * product with i9^ v makes the metric complex. However, once the 
metric becomes complex, we must consider new components present in the theory, such as 
the antisymmetric component B^ v = Im (g ) . In particular, the presence of its kinetic 
term, or the antisymmetric part of the vierbein gravitational field equation dS/de^ = of 
the total action S should be studied in the light of a consistent gravitational theory. 

As the first attempt to formulate such a complex gravity as the preliminary for non- 
commutative gravity, a lagrangian has been presented in [2]. However, the problem in this 
formulation was that the new components B^ acquire a kinetic term, and some of its 
components become non-physical [3]. These components are negative energy ghosts, and are 
not acceptable at the level of classical field theory. 

The origin of such ghost components can be traced back to the introduction of £7(1, 3) lo- 
cal Lorentz symmetry in the system, i.e., the introduction of the Lorentz connection u^ as 
its gauge field. A similar situation has been encountered in noncommutative non-Abelian 
gauge field theories. This is because the ordinary noncommutative gauge theories require 
that the gauge groups to be U(n). To avoid this problem, certain formulation that enables 
the gauge groups to be other than U(n), such as SO(n) or Sp(n), has been presented 
[4]. Applying similar techniques to this £7(1,3) local Lorentz symmetry, alternative non- 
commutative gravity theories were formulated based on the noncommutative diffeomorphism 
ISO(l,3) group [5], or CSO(3, 1) group for complex symmetric metric [6]. 

In this Letter, we present a different approach as a remedy for the negative energy ghosts 
[3] , by freezing the £7(1,3) local Lorentz symmetry into to a global one. In ordinary gravity 
theory with real metrics alone, such a formulation is sometimes called 'teleparallel gravity 
formulation' [7] in which the 5*0(1,3) local Lorentz symmetry is frozen down to a global 
50(1,3) symmetry, and therefore there is no gauge field or spin connection u^ m n for 
the Lorentz symmetry. Our strategy for complex gravity is similar, namely, we freeze the 
£7(1,3) local symmetry into a global £7(1,3) symmetry, requiring teleparallelism without 
any introduction of its gauge fields, and thus avoid the problem of negative energy ghosts. 
The importance of teleparallel gravity in the context of noncommutative geometry has been 
pointed out in [8], in which teleparallel gravity is shown to arise out of dimensional reduction 
of noncommutative gauge theory. However, we will rely on a teleparallel gravity theory as 
the foundation of complex gravity from the outset, in order to resolve the problem with 
the negative energy ghosts in the £7(1,3) local Lorentz covariant formulation [2]. We 
stress that teleparallel gravity as the foundation of noncommutative gravity is the legitimate 
starting point, since the constant 9^ u in noncommutative gravity manifestly breaks Lorentz 
symmetry. 



2. Teleparallel Complex Gravity 

Since we are considering the explicit breaking of local Lorentz symmetry, it is crucial 
to understand the degrees of freedom of the vierbein components e^ 0, and its hermitian 
conjugates e Ma = (e M a ) .0 In the local Lorentz covariant formulation [2], all together there 
are originally 4 x (4 + 4) = 32 components in e M a and e Ma . However, the {7(1,3) local 
Lorentz symmetry with 16 parameters deletes 16 components, leaving only 16 components. 
These 16 components are equivalent to the symmetric part G^ = g. = Re(g ), and 
the antisymmetric part B^ = —ig, , = Im (g ) of the metric tensor g [2] . In 
our formulation, on the other hand, the original 32 components are not deleted by the 
f/(l,3) local Lorentz symmetry, and all of them are intact. This formulation has the 
advantage of deleting the kinetic term for the B -field. The price to be paid is that there 
are 16 additional components in the vierbeins whose effect must be carefully investigated. 

We first give preliminaries for the formulation for teleparallel complex gravity. If the 
[7(1, 3) local Lorentz symmetry is manifest from the outset, we must introduce the Lorentz 
connection for local Lorentz covariance. This causes the problem of negative energy ghosts 
[2] which we would like to avoid. Therefore, it is natural to consider the formulation in which 
local Lorentz symmetry is not built-in, or at least it is not manifest from the outset. 

The most fundamental relationships among geometric quantities, such as the vierbein 
and metric are 
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,+,+,+) , 








a v r v 

C/x &a — Ofj, > 


e » e b = S b 

°a '-■fj, — u a j 


C/MI [&I1 ) ■ 


1 


e a ^(e/) f , 




Qn f = <r , 


e = det (e^ a ) 


) 


e = e f = det (e^ a ) , 


9/jv = e ' ia % &v 


, ST = e a W 


e bu , g g up = 


^ 


p . r% = w , 



(2.1) 

where the symbol ' is for hermitian conjugations. As usual, the metric g has both 
symmetric and antisymmetric components. The most basic global U(l, 3) transformation 
rules are 

" = +a a V , 



S e a = 


"6 6^ , a G a 
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+Va C ac d Vd b e^b , 


(a a b y = 


= -T] b c a c d 7] d a , 



V = -Vc a a d % d e bt * 



(2.2) 



where a a is the space-time independent parameters for our global [7(1, 3), complying with 
the notation in [2]. Accordingly, the metric itself does not transform: S a g = 0, 5 a g^ v = 0. 

Relevantly, the [7(1,3) invariant product is (U a ) r\ b V^ because S a [ (U a ) rj a b Vb] = 0. 
For simplicity, we use the bars instead of the daggers whenever it is not confusing, such as 

e = e f in (2.1). 



3 We follow the notation of ref. [2] in this paper, unless otherwise noted. 
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There are other important geometrical equations for later purposes. One of them is the 
definition of the covariant derivative: 

D l y v = d l y v + T lip v v'> , (2.3) 

for a complex vector V v = V a e a u . Since the vierbein e a u but not its hermitian conjugate 
e av is used here, we use _D M instead of its hermitian conjugate D^. The latter is used, 
when we take the hermitian conjugate of the whole equation of (2.3): 

D ll V l ' = d tl V ,/ + T^V p , (2.4) 

for V v = V a e au . Relevantly, the commutation relations between the D^s and the resulting 
Bianchi identity are 

[£>„, D u ] = -C^Dp , D^Cvpf + C VM T C T \ p f = , (2.5a) 

[D p ,D u ]=-C pu p D p , D [p C up f + C [H T C Tlp f = , (2.5b) 

where C pv a are anholonomy coefficients: 

a p = a a p p a a = ft P a — ft P a 

T p — (a p \^ —T p ap T — (a a \^ — ft p —ftp 

C M % = (C%) f = (f^g^C^ = g^g UT gx P C aT x , etc. (2.6) 

The £> M 's in (2.5a) uses only r M ,/ but none of its hermitian conjugates T pu p , because 
C pv p is composed only of e p a and e a M but none of their hermitian conjugates e pa and 
e a P, as seen from (2.6). If we had manifest local Lorentz covariance, there would be an 
additional term in (2.5b) proportional to the Lorentz curvature tensor. This term is now 
absent, due to the lack of manifest Lorentz covariance in our teleparallel gravity. 

Another important equation comes from the vierbein postulate that leads to the expres- 
sion of r pv p in terms of vierbein: 

D e a = ft e a -T p e a = =$■ T p = e p ft e a T p = e ap ft e (2 7) 



The reason for using D p s instead of D^ in the first equation here has been already stated, 

'" •'" jxv iium iw iiciniiuan wiijugauc ± pu - 



and shows how important it is to distinguish V pv p from its hermitian conjugate IV p 



3. Teleparallel Complex Gravity — Lagrangian and Field Equations 

Once the transformation properties of basic quantities are in place, we are ready to present 
a lagrangian which yields the usual Einstein-Hilbert action, with no manifest [7(1,3) local 
Lorentz covariance. 

It is worth noting that we have to be cautious about the significance of local Lorentz 
symmetry. In the ordinary case with real metric with the familiar 5*0(1,3) local Lorentz 
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symmetry, even if we start with quantities such as the anholonomy coefficients C pu a , and 
write down the lagrangian in terms of its quadratic products, the resulting theory may be 
still locally Lorentz invariant. The reason is that the local Lorentz symmetry is realized as 
a 'hidden' symmetry at the lagrangian level. For example, it is well-known [7] that a certain 
combination of quadratic products of C pv a = d p e v a — d u e p a yields an action identically 
equal to a Einstein-Hilbert action up to a total divergence: 

S EH = Jd 4 xe[ - \C, ua C^ a + \C^ P C^ + |(<V) 2 ] = Jd A x(- \eR) . (3.1) 

Here the vierbeins are the usual real one (e p a ) = e p a , before considering any complex 
gravity, and R is the usual scalar curvature in terms of the Riemann-Christoffel connection: 
{ p \. In other words, even though each term in (3.1) is not locally Lorentz invariant, the 
combination of the quadratic products of C pv a with the appropriate relative coefficients 
makes the whole expression locally Lorentz invariant. 

We now consider complex gravity. Our construction heavily relies on the usage of the 
anholonomy coefficients and its hermitian conjugates defined in (2.6). Now our candidate 
lagrangian is the analog of (3.1), and is given by 



|e|- 1 >Co = ai2 M VVCV a CU + avg^e^eSC^Cprt + a 3 g» p e b °e a »C pu a C pab (3.2a) 
= a x g pv g p °g x C pl ?C va x + a 2 g p ° C pv p C pa v + a 3 g^C p C u (3.2b) 

= ai C u \C ua x + a 2 C\ p C pa v + a 3 C v C v . (3.2c) 



Here |e| 2 = ee, while ai, a 2 and a 3 are real constants. In particular, the case of 

a 3 = +2a 2 = -4oi = -4a = +^ (3.3) 

is the direct analog of (3.1) in the conventional teleparallel gravity with the real vierbein [7]. 
The C p and C p in (3.2b) are defined by 

k/i = C pu , C p = {C pu ) = C pv , (3-4) 

while C a v p and C v in (3.2c) are defined by 

C% p = g Ta C TU p , C u = g pu C p . (3.5) 

In terms of these anholonomy coefficients, each term in (3.2c) is manifestly invariant under 
the global Lorentz transformation (2.2), because 

<UV = ° > 8 a C lu/ p = . (3.6) 

This also explains the reason why we need i] a b in the first term in (3.2a), while it is not 
needed in the second term. To put it differently, in terms of the anholonomy coefficients 
with curved indices, it is more straightforward to construct globally Lorentz invariant terms 
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for a lagrangian like (3.2c). For readers' convenience, we give the proof of the hermiticity of 
the second term in (3.2c): 



v\f f„rasy p\f 



\y> v ^ pa ) — \y ^rv ) ^pa — y ^tv <^, 



pa 



— y ^ap ^tv — tO p K-j vt — Lj v Lj p( j , W-') 

despite its 'non-symmetric' appearance. 

For explicitness, we give our action after the use of (3.3): 

S = Jd A xe[- \C™ X C V(T X + \C\ P C P / + \C»C V } = J d A x £ • (3.8) 

Some readers may wonder how the same relative coefficients as in (3.1) can yield a theory 
now without the kinetic term for Bp V . This is because the identity in (3.1) is valid only for 
a real metric, but we now have the complex metric. As will be seen, our proposed lagrangian 
(3.8) has no kinetic term for Bp V at the quadratic order, so it is distinct from the lagrangian 

in [2]. 

The gravitational field equation from Co for the vierbein e p a is 

F pu = - 2ay^D a C aV p + 2ay ni D a C p av - 2ag f " x D a C p va + Aag up D p C p - 4ag pfM D p C u 

- 2a(C p - iI p )C pvp - Aag^Cp - iI p )C^ 
+ 4ay up {C p - iI p )C p - 4a{C p - U P )C V 

- 2aC» p a C v p a + aC pav C p ^ + \ay v »C p \C P J 

- 2aC p p (J C\ p + ay vp C p JC pT a + AaC p C v - 2ag v "C p C p = , (3.9) 

where 

F pu = gP p Fp u = g w ef * Fa » i jT a » = | e | F/ = . (3.10) 

Here we have already used the condition (3.3) up to a = —1/8. As usual in complex field 
theories, the Euler derivatives with respect to e p a and its hermitian conjugate e pa are 
treated as independent. The symbol = denotes a field equation, distinguished from an 
identity. The symbol I p represents the imaginary part of T p = T pv u : I pu p = Im(Tp U p ), I p = 
I v 

Our field equation (3.9) can be confirmed based on the general invariance of our action 
(3.8) under 

^e/ = r^e/ + (9 M r)e, a , <W = T^e/ - (0„£") e/ , (3.11) 

leading to the Noether identity^ 

D p F u p - (Cp - i!p) F ^ - C vp T F T p \ + h.c. = , (3.12) 



4 As is well-known in conventional gravity theory [9] this identity is equivalent to a combination of Bianchi 
identity (2.5). 
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with the real parameter £ M . Here '+ h.c.' implies the addition of the hermitian conjugate 
of the preceding brackets. The covariant derivative D p in (3.12) contains only r /ja/ p , while 
its hermitian conjugate D p contains T pv p . Note that eq. (3.12) is an identity based on the 
general invariance of our action, but not field equation. 

Let us now consider the degrees of freedom of our field variables. There are originally 
32 degrees of freedom for e M a and e pa , and 32 independent components in T pv . However, 
eventually we have 10 for G^ u and 6 for B pv as the physical components. The gap 
between 32 and 16 should be understood as the redundancy of 16 components in jF Miy , by 
the use of 

6e » a - 4.IJS (P\ p b\a) a 5e^_ _ 1 ( p \ n\a) 

5G pa ~ + 2°K e Vb , 5Gpa -+ 2 e a 9 



6e„ a 

5B pa 2"" ■ '"' ' <)B„ rr i 



<V W e 6|ff V , W L =+ieWg*W , (3.13) 



leading to 

-I&- =+Re(^ u) ) , 4^- =-Im(^ M ) . (3.14) 

In other words, the components Re (JF^^) = and Im (JF^)) = yield extra constraints 
on the components in the vierbeins e M a and e Ma different from the directions of G pv and 
B pv . 

We next analyze our lagrangian (3.8) in terms of linearized gravity: 



e a 


= « + K a + O + *(V + &/) = 77/ + H„ a , 


^iia 


= (Sua + h^ a + a^a) - i(B ^ + b^) = 5^ + H^ , 
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= 8 lu , + h IJtt , + iB IJH , , gT = 8'"' -hT -iB 1 " + 0^) , 


"fj,a 


I'laii j ^fia *^a/i > & fxa ^afx i "na ~rO a ^ 



(3.15) 

The fields h pv , a Mi/ , B pa , b^ a are real, and 0(ip 2 ) denotes any quadratic terms in fields. 
The 5^ or b^ are the usual Minkowsky metric with the signature (— , +, +, +), avoiding 
7] pv which is confusing with r] a b . The quadratic-order terms in (3.8) are now computed as 

£o (quadratic = + (+ 2ai - a 2 )(d tl h pa ) 2 + (- 2oi + a 2 + a 3 )(d p h^ u ) 2 

-2a 3 (d^h/)(d u hn + a 3 (d l ,h/) 2 
+ (+ 4oi - 2a 2 + 2a 3 ) [ (d p V)(3rO + {d p B^){d a b^) ] 
+ (+ 2oi + a 2 )(<9 M a p(7 + <9 M B pCT ) 2 + (- 2oi - 3a 2 + a 3 )(d„a"" + 9,5^) 2 
+ (+ 2ai - a 2 )(«9 M 6 pCT ) 2 + (- 2oi + a 2 + o 3 )(9„6^) 2 

-2a 3 (^/)(^^) + «3(^6/) 2 • (3-16) 

Since all the fields are real, we can use the usual Minkowsky metric 5^ u or 5^ v for 
contractions. The desirable aspects of our lagrangian are summarized as: (i) The kinetic 
terms for the antisymmetric fields a pv and B pu , as well as all the h-a and B-b mixture 
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terms disappear upon the condition (3.3); (ii) There is no mixture terms between the two sets 
(hfj, u , a^v) and (B^, b^), such as glB -terms, due to the hermiticity of the lagrangian; (hi) 
The kinetic terms for h^ v coincide exactly with the quadratic terms of the Einstein-Hilbert 
action Seh; (i v ) At the quadratic level, there is no negative energy ghost, as Seh does 
not; (v) Interestingly, the field b^ also acquires its kinetic term, exactly with the same 
coefficients as that of h^ u , so that there are two sorts of spin 2 fields. We will come back to 
this point shortly. 

We next analyze field equation (3.9) covariant to all orders. To this end, we need an 
additional constraint 

Im(IV) =0 . (3.17) 

Note that (3.17) is weaker than a direct condition Im{g^ v ) = 0. However, at least by 
perturbation, we can show that the field equation (3.9) is satisfied with no bad effect on the 
propagation of the physical graviton h^ u . 

We first note that the constraint (3.17) is covariant under general coordinate transfor- 
mations (3.11): 

^rv = r^V + (^r)rv/ + (ft,f)V - {d^ p )v^ + d^p . (3.18) 

With its hermitian conjugate subtracted, the last purely real term d^d v ^ p vanishes in the 
combination of 5^[Im (T^ u p ) ], establishing its covariance. Now consider (3.17) in terms of 
the linearized gravity (3.15): 

Im(r iu , p ) = (d lt B v '> + d li b v p ) + O(ip 2 ) = . (3.19) 

This condition is equivalent to two conditions 

Im (i^ M ) = d^B up + £% 2 ) = , Im (r„ ( „ p) ) = d^Kp + 0{ V 2 ) = . (3.20) 

In other words, the components B^ v and b^ v are frozen with no space-time dependence. In 
fact, as long as Lorentz covariance is respected^, the only solutions are Bp U = 0(f 2 ), bp V = 
0((p 2 ), so that Jm(e At ct ) = 0(f 2 ), Im(C^ u a ) = 0(if 2 ). Therefore, we can conclude that at 
least perturbatively under the constraint Im (I^/) = 0, all the linear terms in (3.9) are 
real up to cubic order terms: Im (T pu ) = 0((p 3 ), and hence our field eq. (3.9) is equivalent 
to the general relativity up to the cubic terms, with no interference of extra components 
with the physical components h^ v . This nice feature is the result of our constraint (3.17), 
restricting the possible solutions for extra fields always one order higher: B^ v = 0((p 2 ), b^ = 
0((p 2 ). To put it differently, these extra fields do no harm on the propagation of the physical 
hfjv -field, up to cubic-order terms in the field equation, and quartic-order terms in the 
lagrangian. 



5 Lorentz covariance is respected, if we exclude solutions such as B^ u = const, or b^ v — const. For 
example, the particular case B^ — const, in noncommutative gravity is not included in this context for an 
obvious reason. 
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Analyzing the covariant field equation (3.9), we have seen that the additional spin 2 
component b pv can be eliminated^ by the constraint Im(T lll y p ) = imposed 'by hand', 
perturbatively up to the quartic terms in the lagrangian. Our next question is how to 
automatically implement such a constraint at the lagrangian level. To this end, we rely on 
the method in [10], using some multiplier field in a quadratic constraint lagrangian: 

C K = \\e\K^ T pX Im{Y^)Im{Y aT x ) . (3.21) 

The advantage of such constraint lagrangian [10] is not to affect the field equations of other 
non-constrained fields, due to the quadratic nature of this term.Q In fact, the field equation 
for W aT pX yields 

Im(T flu p )Im(T aT x ) = (3.22) 

for an arbitrary indices pvaT pX i if there is no index-symmetry for K^ VUT p \. We can prove 
that (3.22) implies the constraint Im (1^/) = by 'reduction to absurdity'. Since this 
proof is straightforward, we will skip it in this Letter. 

After such a treatment, h in G pu = 5 + h = Re (g pu ) = 9, % is the only 
physical field with its kinetic terms in our formulation. In particular, the additional spin 2 
component b pu has been deleted by our constraint lagrangian (3.21). Recall that this is 
due to the analysis from (3.19) and (3.20) leading to B pv = 0(ip 2 ), b pu = 0(y? 2 ). 

We have another justification of our theory, based on the degrees of freedom. The extra 
components a pu , B pv and b pi/ have respectively 6, 6 and 10 degrees of freedom. The 
field equations for a pu , B pu and b pu are^ 

Re{^^)=0 , /m(^ [ ^ ] ) = 0, lm(^ u) ) = 0. (3.23) 

These independent components of the whole field equation T^ = give respectively 
6 + 6+10 equations to these unphysical auxiliary fields. On the other hand, we have seen 
from (3.20) that the constraint Im (r^j/) = is equivalent to freezing 6 + 10 components 
B pv and b pu . Even though the condition Im (T pu p ) = is weaker than Im {g^ v ) = due to 
possible cross-terms in T pu p , we have seen in (3.20) perturbatively that the extra components 
B pu , b pu do no harm on the propagation of h pu in the field equation Re {T^^) = 0. As 
for the possible bad effect by the remaining extra component a^, this has been already 
clarified based on the past teleparallel formulations [7]. Namely, once B pu and b pv become 
irrelevant, i?e(jF^^) = is automatically satisfied by Bianchi identities [7]. Therefore we 

6 This additional spin 2 field may well have consistent interactions in our lagrangian (3.8), but we take 
rather a conservative viewpoint in this paper, leaving such a possibility for future studies. 

7 Even though there might be some subtlety with this constraint lagrangian at quantum level with path- 
integral, we do not go that far in this paper. 

8 In 'real' teleparallel gravity with the lagrangian (3.1), the equation J 7 ^^ = is identically zero, due 
to the hidden local Lorentz invariance of the action (3.1). However, our action (3.8) has no such hidden 
local Lorentz invariance, as can be easily confirmed by the U(l, 3) local Lorentz analog of (3.6) with an 
additional derivative term d p a a b . Therefore, the second field equation in (3.23), which is equivalent to the 
-B^iz-field equation via (3.6), is not identically zero. 



conclude that there is perturbatively no undesirable effect on the propagation of h^ v by 
the extra components B^ v and b^ v or a^. 

Before summarizing this section, we analyze our field equation (3.9) for two important 
cases, when some of the extra components are absent: 

(i) When the vierbein is real, the anholonomy coefficients becomes pure real C^ v p = C M! /, 
and I/j, = 0, while the covariant derivative D^ coincides with its hermitian conjugate _D M , 
and in particular, D^g = 0: 

I el -1 J 7 "" = - 4aD p C p[pu] + Aag^D p C p - AaD p C u - 2aD p C" vp 

1 ' 3ra(j ) = p * p p 



AaC p C p ^ v) - 2aC pp a C u p a + aC pa ^C pau 



-2aC p p °C\ p -2aC p C p v p + 2ag^{C p f + \ag^{C p(7T ) 2 . (3.24) 

The symmetric terms J 7 ^) can be shown to be equivalent to the usual Einstein tensor 
in general relativity in terms of anholonomy coefficients [7]. On the other hand, all the 
antisymmetric terms J r u J,v \ cancel each other upon the Bianchi identity (2.5). We can also 
mimic this procedure at the lagrangian level (3.8), reducing (3.8) into the Einstein-Hilbert 
action (3.1). Note that we have not imposed the absence of the antisymmetric part a^, but 
it is decoupled from the whole field equation. There is nothing unusual about this, because 
upon the constraint Im (e^ a ) = 0, our system is reduced to the teleparallel 're-formulation' 
of general relativity with no kinetic term for a^ as in [7], and thus it is equivalent to the 
ordinary general relativity. 

(ii) When the vierbein and metric are complex constant, then V ^ = holds due to 
the postulate (2.7), leading to C^ = 0. Accordingly, the covariant derivatives D^ = 
D^ become the ordinary derivative <9 M . Therefore, each term in (3.9) vanishes identically, 
confirming that such a metric is a trivial solution to our field equation. This aspect is 
important, since we can now have the constant but complex metric g pu = 5 P-U + iQ p,v used 
in noncommutative gravity [1]. 

To summarize, we have obtained the following important results: 

(1) The analysis of the quadratic terms in our lagrangian (3.8) shows no negative energy 
ghosts. In terms of linearized fields, h^ is the ordinary graviton, while a^ u and 
B^ v are auxiliary with no kinetic terms. In particular, the B^ -field has no negative 
energy ghost, in contrast to [2]. There is an additional spin 2 field b^ with physical 
kinetic terms in (3.16), which can be further deleted by a constraint lagrangian (3.21), 
as in items (4) and (5) below. 

(2) The field equations Re(F^) = 0, Im(F^) = and Im(F^ v) ) = provide 
6 + 6 + 10 = 22 equations. These are 6 + 6 constraints for the extra non-propagating 
components a^, B^ u and 10 field equations for spin 2 field b^ v . Moreover, the 
constraint Im (I" ^ p ) = can freeze B^ u and b^, as in item (4) below. This constraint 
is also covariant under general coordinate transformation. 

(3) The constraint Im (T ',«/) = is automatically realized, by adding the constraint la- 
grangian C\ (3.21), as in [10]. 
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(4) Under the constraint Im (T^u P ) = 0, the only perturbative solutions are B^ u = 
0(ip 2 ) and b^y = 0(ip 2 ). Hence all the worrisome quadratic terms with B^, b pu in the 
field equation Re (J 7 ^^) = of h^ become actually cubic order (one-order higher). 
Therefore, at least perturbatively, they will do no harm on h^ u at the quadratic order 
at the field equation level, and the cubic order at the lagrangian level. 

(5) Our covariant field equation (3.9) is reduced to the standard Einstein equation in general 
relativity, when the vierbeins becomes real. In other words, any real vierbein solution to 
the Einstein equation automatically satisfies our field equation as a special case. This 
corresponds to the symmetric real part Re (JF^)) = 0. 

(6) The constant but generally complex metric, breaking the ordinary Lorentz covariance, 
is a simple solution to our field equation (3.9). This includes the important case of 

gl" = S^ + i$^. 

Before closing this section, we mention one possibility of generalizing our lagrangian (3.8). 
Based on teleparallel real gravity in [7], we can add the kinetic term 

U = a 4 |e|- 1 g T / vpu ^C vpu C x ^ , (3.25) 

so that the component a^ is now propagating with its kinetic term like {d^a up j) with 
no negative energy states, with an appropriate sign for a^. As long as we have no term like 
(3.25), all the terms in our lagrangian (3.8), apart from those produced by the imaginary 
part of e M a , coincide with the Einstein-Hilbert lagrangian, even if there are antisymmetric 
components a pv in e M a [7]. This is due to a 'hidden' local Lorentz invariance of our action 
when Im{e p a ) = 0. This feature has been well-known in teleparallelism formulation [7]. 



4. Key Classical Test of Perihelion Advance 

We have seen that our teleparallel complex gravity has no negative energy ghosts based 
on the quadratic order analysis. Moreover, our system reproduces general relativity at the 
cubic order in the lagrangian with no bad effect by the extra components. However, some 
readers may be wondering if our system passes the important key classical tests with more 
higher-order interactions, like the perihelion advance of Mercury. 

To study this, we start by postulating an action for a point mass: 

Here we have put only the real part of our metric G^ = Re {g pv ) = G Ufl . Even though 
it is natural to have only the real part G^ u in Jm, since we do not have the total metric 
g^ u here, the general coordinate invariance S^Im = under (3.11) is non-trivial. However, 
this can be easily confirmed, once we realize from (3.11) that 

S^G^ = ed P G, u + (d,e)G pu + {d v e)G w . (4.2) 
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In other words, the lack of the imaginary part Im (g^) does not upset the desirable 
transformation property of G^ v . Due to this property (4.2), it is now clear that our action 
Im has the general coordinate invariance 5%Im — 0. 

Once we have put only the real part G pu into Im, the usual geodesic equation of motion 
for a point mass follows, exactly as in general relativity: 

dx p dx 1 



d ar i f fi\ dx p dx a • n t a o\ 

~ds r + \n m ~d7 ~ ° ' ^ 

with \pa\ = (l/2)G pT (d p G crT + d a G pT — d T G pa ) involving only G^ v and its inverse G pv . 
Our next question is whether the conventional Schwarzschild metric 

ds 2 = _f l _2m\ + 1 dr 2 +r 2 {d9 2 + s[n 2 9dip 2 ) (44) 

\ V J *| Z772 

r 



satisfies our gravitational field equation (3.9). However, as explained in item (5) at the end 
of the last section, this Schwarzschild metric is indeed a solution to (3.9). In fact, since 
F^ = is reduced to the conventional Einstein tensor R pv (G) — (1/2)G IMU R = upon the 
restriction Im (g pu ) = [7], the Schwarzschild metric (4.4) indeed satisfies our gravitational 
field equation (3.9), as the simplified case. On the other hand, we have seen that a point 
mass satisfies exactly the same geodesic equation (4.2) as in general relativity in terms of 
G^y. Therefore, the computation of perihelion advance in our theory exactly agrees with 
that in general relativity. 

We mention also the compatibility of our theory with equivalence principle. Since the 
experimental tests of 'equivalence principle' so far have been always for classical macroscopic 
objects, it is enough to consider only the point mass action I M - As we have seen, it is only 
the real Christoffel connection l/fu> that couples to a point mass. If that is the case, all the 
extra components a^ v , B pu and b^ are irrelevant to the question of equivalence principle 
associated with point masses.^ 

To put it differently, we have seen that our constraint Im{Y^ u p ) = (3.17) deletes the 
covariant and imaginary part of the affinity T pv p , while the real part Re (T pu p ) obeys the 
same transformation rule as general relativity. Therefore, by choosing a geodesic coordinate 
system under (3.17), we can make also the real part Re (T pu p ) vanish, as in general relativity. 
Eventually, the geodesic equation (4.3) becomes a 'free-fall' equation d 2 x p /ds 2 = 0, as in 
general relativity. As long as we use a classical macroscopic object as a test point mass, we 
can not tell the violation of equivalence principle in our theory. 

We emphasize that our gravitational theory has indeed passed the most important key 
test of perihelion advance of Mercury and equivalence principle, at least at the classical field 
level. 



9 As for other questions related to other particle theoretic fields with different spins such as fermions, we 
do not discuss them here, because they are beyond the scope of this Letter. 
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5. A Lagrangian for Noncommutative Gravity 

Once we have understood the teleparallelism formulation of complex gravity, it is straight- 
forward to generalize that result to the noncommutative gravity, with the standard * 
product: 

<— — > °° 

f*g = / exp {id^d v )g= £ £ ^ • • -^""(^ • • -^/) (^ • • -ci„<?) . (5.1) 

71=1 

The hermiticity of a noncommutative product of complex functions f\, • • • , /„ is under- 
stood as (/i */2 * • • • * /n-i * /n) — /rt * /I-i * • • " * h * /i ■ We can replace all the products 
and matrix inverses by * products and * inverses everywhere in (3.8) + (3.21): 

L~k = + V e * * ~~ g9* *^n,v * f]a * l- 1 pa b * 9 + + ^6* ^ ^ fiu * 9* * ^ pa b * e * a 

_i_ i P " jl. r* a -± nW ±n , ± p ba 

> 2 * a ^ V-v * i/* * ^ per o * c * 

+ I </ST f * /m ( V) * A ^ V * iro (r CTT A ) * ^il , (5.2) 

paying attention to comply with the hermiticity mentioned above. Here e^-ke^ = 5 a b and 
e* 6l/ = (e^e, 1 ') , etc., similarly to [2]. Due to the * product, we need the subscript * for 
the inverse vierbeins, such as e* a M and e bv . Relevantly, e* is the * -determinant of the 
vierbein e M a : e* = (l/4\)e a i )C d^ upa e ll a -ke u b -ke p c -ke p d . The operation ^fe^ can be understood 



as the expansion </T+x = 1 + £^° =1 (l/n!)(l/2)(l/2 - 1) • • • (3/2 - n) xTx*^Tx [11], 
while \fe~l^ is its hermitian conjugate. Since g is hermitian, there is no problem with 
the product for the definition of the square roots in tfel* * ^fel as in the commutative 
case. The definition of C pu a or C^ va needs no * - symbol on itself like C+ pu a ', because it 
has no product in its definition just as in the commutative case (3.8). Thanks to teleparallel 
complex gravity as the foundation, we no longer have the problem with the negative energy 
states in our system, while all the unphysical components are either decoupled, or do no harm 
to the physical components G^ = Re (g J) = g. y As for the uniqueness of our lagrangian 
(5.2), we are aware that there might be other possible forms of lagrangians depending on the 
order of the terms in (5.2). For example, the metrics and the anholonomy coefficients might 
be flipped around in the first term in (5.2), as long as the hermiticity is satisfied. However, 
we take here the standpoint that any of these lagrangians shares the same quadratic terms 
in the teleparallel gravity, and we gave (5.2) as an explicit example, whose quadratic terms 
are shared by any of those other examples. 



6. Concluding Remarks 

In this Letter, we have presented teleparallel complex gravity as the starting point for 
noncommutative gravity. Since the introduction of the * product implies that the metric 
is to be complex, and the problem of the negative energy ghost is caused by the Lorentz 
connection [2], it is natural to consider the formulation without manifest £7(1,3) local 
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Lorentz symmetry equivalent to teleparallelism, motivating the combination of teleparallel 
complex gravity. 

We have studied the transformation properties under general coordinate transformations 
and global Lorentz transformations. We have next presented a lagrangian (3.8) that contains 
not only the usual Einstein-Hilbert action for the symmetric part G^ = g. = Re(g ) but 
also the imaginary part B^ v = Im(g^ u ) = —ig[p U ]- Our lagrangian (3.8) has an improved 
property that there is no kinetic term with negative energy states for B^ v = —ig t -, . This 
has been proven explicitly with the lagrangian quadratic terms (3.16), which show that all 
the kinetic terms for a^ u and B^ v disappear under the condition (3.3), while the component 
b^y has a kinetic term as a spin 2 field with positive definite energy. Thus there is no 
negative energy ghost in our system. We have next looked into the field equation T pv = of 
the vierbein e M a , and concluded that the real symmetric part Re{J-^ llv ^) = contains 
the Einstein gravitational field equation for the symmetric component g, ., while other 

remaining parts Re (.F^) = 0, Im (F [ ^ ] ) = and Im (F^ u) ) = yield 6 + 6 + 10 = 
22 component general covariant constraint equations respectively for the extra 6 + 6 + 10 = 
22 auxiliary non-propagating components a^ u , B^ v and b^ u , as desired. We have also 
seen that the Lorentz non-covariant solution 9 pu = Im {g pu ) = const, is also an acceptable 
solution, which is important for the noncommutative gravity [1]. 

We have also confirmed that the covariant constraint Im (L MJ /) = is enough to freeze 
the extra components B^, b^ v in such a way that the physical component h^ v is not 
constrained for its propagation. This is due to the only perturbatively possible solutions 
B^v = 0((p 2 ), b^ u = 0(ip 2 ) for the constraint Im(T^ u p ) = 0, which are one order higher 
in terms of fields. Based on this nice feature, we have confirmed no disturbing effect on the 
physical components G^ v from these extra components up to cubic-order terms in the field 
equation, equivalent to quartic-order terms in the lagrangian. We emphasize that our total 
lagrangian (3.8) + (3.21) 'reproduces' general relativity to this order, with no bad effect 
from the extra components. 

As an important test of classical gravitational theory, we have analyzed the possible effect 
of the extra components on the perihelion advance. Based on our point mass action Im, 
we have concluded that there is no disturbing effect on the perihelion advance, due to the 
absence of the imaginary part of the metric Im (g^u) in -^m- Our result has excluded a 
worry that some extra components of our teleparallel complex gravity might interfere with 
such a high precision observation as the perihelion advance of Mercury. 

Based on this result of teleparallel complex gravity, we have presented a lagrangian for 
noncommutative gravity with no negative energy ghosts. Even though computations for 
teleparallelism formulation seem to be more involved compared with [2], the advantage here 
is that the problem with the negative energy states in B^ -field in [2] has been now resolved. 

The main purpose of our present paper is to establish teleparallel complex gravity as the 
foundation for noncommutative gravity. However, our result also suggests the importance of 
teleparallel gravity even before its complexification in string physics, M-theory or D-branes. 
This further indicates teleparallel supergravity playing an important role in superstring or M- 
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theory. As a matter of fact, a teleparallel superspace had already been considered in 1970's in 
four-dimensions (4D) as a possible resolution to renormalizability problem [12], by reducing 
the number of counter-terms in the absence of supercurvature. Also in our recent paper [13], 
we have constructed a 11D teleparallel superspace as a reformulation of 11D supergravity, 
not only as a consistent but also as a more natural background for supermembranes. From 
these developments, we regard teleparallel supergravity or teleparallel superspace as a more 
natural formulation suitable for the description of (super) strings, M-theory or D-branes. 

Considering the fundamental fact that the constant tensor 9^ u in noncommutative 
gravity manifestly breaks Lorentz symmetry, we also emphasize that teleparallelism is the 
most natural candidate for the foundation of noncommutative gravity. 

We are grateful to A. Chamseddine and S.J. Gates, Jr. for helpful discussions. A special 
acknowledgment is due to the referee (s) of this paper who suggested to analyze the quadratic 
lagrangian terms and the perihelion advance of Mercury. 
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